Cobordism invariance 
of the family index* 

Catarina Carvalho, 
Department of Mathematics, Institute Superior Tecnico, 
Technical University of Lisbon 
email: ccarv@math.ist.utl.pt 



Abstract 

We give a iiT-theory proof of the invariance under cobordism of the family index. 
We consider ehiptic pseudodifferential famiUes on a continuous fibre bundle with 
smooth fibres M ^ — > B, and define a notion of cobordant families using K^- 
groups on fibrations with boundary. We show that the index of two such families 
is the same using properties of the push-forward map in if-theory to reduce it to 
families on B x R". 



Introduction 

The invariance under cobordism of the Fredholm index has been a useful tool in index 
theory, both as a means to obtain index formulas and as an important step towards 
so-called relative index theorems. The particular case of twisted signature operators 
was crucial in Atiyah and Singer's first proof of the index theorem on closed manifolds 
[1]. There are now many proofs of cobordism invariance for Dirac operators on closed 
manifolds, see for instance O |9l [211 [23], mostly relying on the geometric structure of 
the Dirac operator and not easily extended to other settings. In [7J, we gave a proof of 
cobordism invariance that applies to general elliptic pseudodifferential operators, under 
suitable conditions on their JT-theory symbol classes defining what we called symbol- 
cobordism. See also |22] for an analytic formulation of this result using the calculus of 
cusp pseudodifferential operators on manifolds with boundary. 

In this paper, we give a K-theoiy proof of cobordism invariance for families of elliptic 
pseudodifferential operators on closed manifolds along the lines of [7j. In particular, 
we establish conditions on the symbol of a given elliptic pseudodifferential family on a 
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boundary that yield the vanishing of its index in the ii'-theory of the base. The crucial 
point is to use push-forward maps and functoriality of the family index in X-theory, 
as proved by Atiyah and Singer as the main tool in their proof of the index theorem 
for families [1]. We consider continuous families, in the spirit of [1], so we will be 
working in the setting of continuous fibrations with smooth fibre diffeomorphic to some 
given manifold. We need a well-behaved notion of boundary over the base space, in 
order to define symbol-cobordism for families, and it will be important to construct 
boundary preserving embeddings into Euclidean space over the base. One can then 
use the induced push-forward maps to reduce the problem to this setting. Cobordism 
invariance for families is then a consequence of the functoriality of the index map and, 
moreover, it depends only on properties of the symbol iC-theory class of a given elliptic 
family on a boundary. Moreover, we refine here the result in [7], in that we give also 
a condition at the operator level taking symbols of supended operators on manifolds 
with boundary 

Index theory for families has been a subject of recent study in the context of sin- 
gular spaces, in particular, in the context of operators on fibered manifolds and, more 
generally, of pseudo differential calculi on groupoids [Il[l6l[I71[l8l[l9l[20l[2l[13[26]. In 
what regards cobordism invariance of family indices, there is an early result on families 
of Dirac operators used by Shih |27j to yield a weaker version of the index theorem for 
families (extending Atiyah and Singer's early cobordism proof). More recently, cobor- 
dism invariance has been a key tool to study index theory on manifolds with boundary. 
Melrose and Piazza gave a proof of cobordism invariance for smooth families of Dirac 
operators on a boundary, both for the odd and even cases [ISllTTj, and used it to obtain 
an index theorem for families of Dirac operators on a manifold with boundary in the 
context of the 6-calculus. Even if their proof uses Atiyah and Singer's index formula, 
in that they check that the topological index is cobordism invariant, the tools used are 
similar to the ones we apply here. They use functoriality of the topological index with 
respect to push-forwards (which reduces to functoriality of the Thom isomorphism) 
and, in the even case, the vanishing of the index relies on extension properties of the 
symbol class of the Dirac family on a boundary with respect to the i^i-symbol for 
the self-adjoint Dirac family on the fibered manifold with boundary. This extension 
condition on the symbols can be seen to be equivalent to the one established here for 
general elliptic pseudodifferential families (see 

An analytic formulation of cobordism invariance for pseudodifferential families can 
also be found in [T8], in the context of existence of invertible perturbations of cusp 
pseudodifferential families on manifolds with boundary. On a very different line, Hilsum 

used the general framework of Hilbert modules over C*-algebras to show cobordism 
invariance of the index of Dirac operators on foliated manifolds, that is, of continuous 
families of Dirac operators on the leaves. In this case, the so-called longitudinal index 
is an element of Kq{C*G), where G is the holonomy groupoid and C*G is the groupoid 
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C*-algebra. 

The approach to cobordism invariance followed here highlights the fact that the van- 
ishing of the index for an elliptic family on a boundary depends only on the existence of 
suitable extensions of the symbol class to the boundary. It is close in spirit with Atiyah 
and Singer's ii'-theory proof of the index formula, in that it relies on functoriality 
properties of the analytic index with respect to push-forwards and on the construction 
of suitable embeddings into Euclidean space. In that respect, it has the advantage of 
having immediate generalizations, namely to the non-compact and equivariant case. 
Moreover, it would be of interest to determine if one can relate it with the functoriality 
properties of the foliation index, which were crucial in the proof of the index theorem 
for foliations, in order to find X-theoretical conditions ensuring the invariance of the 
longitudinal index of pseudodifferential operators under foliation cobordism. 

Given a closed smooth manifold M and a compact base space B, we consider a 
manifold Ai over B as a fibre bundle with fibre M and structure group Diff(M); this 
is a family of smooth manifolds diffeomorphic to M such that the smooth structure 
varies continuously over B. A pseudodifferential operator on 7W is a continuous family 
P = {Pb)b&B of pseudodifferential operators on the fibres (Definition ll.2|) . If each 
Pfe is elliptic, then there is a well-defined index, 

ind(P) := [kerP] - [C'^] G K^{B), 

where P is a suitable perturbation of P (see Definition II. 4p . Moreover, ind(P) only 
depends on the symbol class of P, cr(P) € K^{TJ\A), where TJ\A denotes the tangent 
space along the fibres. 

Let now be a manifold over P, with fiber a manifold X with boundary, M = dX 
(we assume that the structure group of X preserves M). Then there is a correspondent 
continuous bundle of boundaries M with fiber M and structure group Diff(M) (more 
precisely, the closed subgroup of those diffeomorphisms that extend to X). We call M. 
the boundary over B oi X, Ai = dsX . Of course, if the total space of X is smooth, then 
dsX = dX . Many results on manifolds with boundary carry over to the boundary over 
P, namely that BbX always has a collar in X and, in particular, that TX ^ = TAi x M, 
where TX/^ is the restriction of the tangent space along the fibres of A" to Al. The 
constructions of [7] can therefore be generalized to families and we obtain a map of 
restriction of symbols 

: K\TX) K^{TM) 

defined using maps of restriction to the boundary and the Bott isomorphism. Our main 
result states that: 

Theorem 0.1. Let P he an elliptic family of pseudodifferential operators on a manifold 
M. over B, with symbol a{P) G K°{TM). If X is such that dsX = M and a{P) E 
Ivaux, then ind(P) = 0. 
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We say that the pair {M,a{P)) as above is symbol-cobordant to zero. Defining 
symbol-cobordant famihes in the obvious way, we have then that the family index is 
invariant under such relation. 

To prove Theorem lO.il we show that symbol-cobordism is invariant with respect to 
push-forward, as long as we consider boundary-preserving embeddings. We see that 
there always exist such embeddings into Euclidean space over B, and then that the 
relevant ii'-group in this case is zero. Functoriality of the family index with respect to 
push- forward then yields the result. 

As a consequence of Theorem lU.li we also obtain a condition for cobordism invari- 
ance at the level of symbols of families on X (Corollarv l4.6p . The key point is to identify 
elements of (TX) with symbol classes of suspended families on X and noting that 
in this case restriction to the boundary yields the indicial operator. 

As we have seen in [7], cobordism invariance holds also on non-compact manifolds, 
considering operators that are multiplication outside a compact and taking the closure 
of a suitable *-algebra. In particular, we saw that the functoriality of the index with 
respect to push-forwards can be extended to this class. (Note that in this case symbol 
cobordism is really a condition on the symbols, since any manifold is cobordant to zero 
through a non-compact cobordism.) Even though we do not pursue the non-compact 
approach in detail here, one can check that the compatibility of the index with push- 
forwards given in [7J can be extended to families of multiplication operators outside a 
compact, so that an analogue of Theorem 10.11 follows in this case as well (see Remark 
12. 2p . Note that the closure of this class of operators can be used, through homotopy, to 
compute the index on large classes of operators and, moreover, it contains well-known 
pseudodifferential calculi. See [6l [8] for details. 

It is important to mention that Moroianu obtained in [22j a result equivalent to the 
one in [7] on closed manifolds, using quite different techniques. He used the calculus 
of cusp operators to show that an elliptic pseudodifferential operator on a boundary 
that has a suitable extension to a cusp pseudodifferential operator has zero index. This 
approach has the advantage of giving an explicit condition for cobordism invariance at 
the operator level. He also gave a i^-theory formulation of this result and showed it is 
equivalent to the one given in [7] in the closed case. There is a straightforward analogue 
for families of Moroianu's condition at the level of /C-theory, and, using Theorem 10. H 
the same proof applies to show that it yields cobordism invariance for elliptic families. 



1 The index for families 

We consider families of pseudodifferential operators as in [1] (see also [H] for a detailed 
account). Let B he a compact Hausdorff space, M be a smooth compact manifold 
without boundary, E a smooth vector bundle over M. We denote by Diff(iVf) the 
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group of diffeomorphisms of M, endowed with the topology of uniform convergence on 
each derivative. Also, Diff(M;£') denotes the subgroup of DiS{E) of those diffeomor- 
phisms that carry fibres to fibres linearly; choosing a connection on E, Diff (M; E) is a 
topological group. 

Definition 1.1. A manifold over is is a fibre bundle M ^ Ai ^ B with fibre M 
and structure group Diff(M). A vector bundle £ over M is said to be a smooth vector 
bundle (along the fibres) if £ defines a fibre bundle E ^ £ ^ B with fibre E and 
structure group Diff(£';M). 

A manifold over B is then a family of manifolds diffeomorphic to M such that the 
smooth structure varies continuously. If 7W = B x M, we call it a trivial family; locally, 
every manifold over B is of this form. Note also that a smooth vector bundle is a 
continuous family of smooth vector bundles over M; moreover, given such a bundle 
E ^ £ ^ B, the map Diff (£;; M) Diff (M) induces a manifold M over B. The 
cotangent and tangent bundles along the fibres, denoted by T*^A, TAd^ respectively, 
are smooth vector bundles over , as in Definition 11.11 

A submanifold of a manifold M ^ Jv[ ^ B \s just a sub-bundle. It is clear that 
if C M is closed, then there is a submanifold J\f oi M with fibre N if, and only 
if, the structure group of M. can be reduced to the closed subgroup Diff (M, A) of 
diffeomorphisms that preserve N . 

Let now E, F be vector bundles over M, with T{E), r(F) the spaces of smooth 
sections of E, F. We denote by ^'™(M; E, F) the space of order m classical pseudodif- 
ferential operators P : T{E) '^{F), as in [12] . It is a Frechet space with the topology 
induced by the semi-norms of local symbols and their derivatives 



where p is the classical symbol inducing P on some coordinate chart U oi M trivializing 
E and F, K C U is compact, and for any multi-indices q, /?. 

If we let Diff (S, F; M) be the subgroup of Diff(£'©F; M) of those diffeomorphisms 
that map EioE and F to F, then Diff (F, F; M) acts on ^''"(M; E, F) hy P ^ /f^F/s, 
for / = (/i,/2) and the action is continuous (see |4j). To each pair of continuous 
families £, T of vector bundles over M, with fibres diffeomorphic to -E, F, we can 
then associate a fibre bundle ^'™(A4; £,T) ^ B with fibre ^''"(M; E, F) and structure 
group Diff(£', F] M). The manifold M over B is induced by the map Diff(£', F; M) 



Definition 1.2. A continuous family of pseudodijjerential operators on is a con- 
tinuous section P of '^^{A4;£,J^); we write P = {Pb)beB- The family P is said to be 
elliptic if each P^, b G B, is elliptic. 




(l + |C[)™-|/3 



Diff(Af). 
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If A4 = Bx M, £ = BxE,J^ = BxF, then a continuous family is just a continuous 
map P : B ^ ^'™(M; E, F). Every family is locally of this form. 
Recall also from [T2] that there is a surjective symbol map 

a : ^"'{M;E,F) S"'{M;E,F), 

where S™'{M;E,F) is the space of classical symbols, that is, smooth maps on the 
cotangent bundle T*M\0 with values in End(-E', F), that are positively homogeneous 
of degree m. The map a is invariant under the action of Diff F; M) and the action is 
continuous (endowing S'^{M;E,F) with the sup-norm topology on the sphere bundle 
SM), so that we get a fibre bundle S"'{M;£,J^) over B with fibre S"'{M;E,F) and 
group BiS{E,F;M). 

Definition 1.3. The symbol asiP) of a family P = {Pb)b£B is the continuous section 
of S'^{M;£,J^) given fibrewise by a{Pb). 

The family of smooth symbols cr{Pb) depends continuously on b G B. Elements of 
S"^{M;£, J") are maps T*M End(7r*£:, 7r*jr), with T*M the cotangent bundle along 
the fibres and vr : T*M A4 the projection. If the family is elliptic, then each cr{Pb) 
is invertible outside the zero-section, so that (Tb{P) is invertible outside a compact 
in T*M. Moreover, endowing M with a metric, that is, with a continuous family of 
metrics on the fibres TM, we can identify T*M with TM and (elliptic) symbols reduce 
to (invertible) maps on the sphere bundle SM. 

Finally, we now define the index of an elliptic family. Let P be an elliptic family in 
\I'™(7W; i5, .F), so that each P^, b € B, is Fredholm. If dimkerP;, were locally constant, 
then the family of vector spaces ker Pf, would form a vector bundle over B, and the same 
for cokerP;,; in this case, one could define the index of the family P as the X-theory 
class [kerPfe] — [cokerP;,] € K^{B). In the general case, one can define an elliptic family 
P : r{£) © C*' — r(^) such that Pb is surjective, for each b ^ B, where 

Pb{u; Ai, Afc) := Pb{u) + Xiwi{b) + ... + XkWk{b), (1) 

for some smooth sections Wi of JT, i = Since each Pb is surjective, the family 

kerP;, indeed defines a vector bundle over B (each Pb is Fredholm and the Fredholm 
index is locally constant). Moreover, the class [ker P] — [Bx C^] G K^{B) depends only 
on P (see 01 E]). 

Definition 1.4. The analytic index of the elliptic family P is given by 

ind(P) := [kerP] -[Bx C^] G K^{B), 



where P : T{£) ^ r(J^) is as in (p. 
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The index defined above is homotopy invariant, hence it depends only on the (ho- 
motopy class) of the symbol (Jb(-P)- Moreover, it can be seen that the index only 
depends on the values of the symbol on SAi, that is, the index of a family P does not 
depend on the order of P. Therefore, as far as computing indices goes, it is just as 
good taking operators of order 0. 

Now, the symbol of an elliptic family (jb{P) is invertible outside a compact, hence 
it defines a class 

[aB{P)] := k*^, TT*^, aB{P)] G K\TM) (2) 

(where we identify T*M. with TM). Since K^{TM.) is exhausted by symbol classes, 
just as in the operator case, we have then a well-defined family index map 

ind : K^{TM) K^{B), [7r*£, vr*^, asiP)] ^ ind(P), (3) 

which is, moreover, a group homomorphism. We will show in this paper that the family 
index is cobordism invariant under a suitable notion of cobordant families that depends 
only on the manifolds involved and on the ii'-theory class of the family symbol. To do 
this, we will make use of push-forward maps. 

2 Push-forward maps 

We consider now a manifold X over B with fiber some smooth manifold X possibly 
with boundary. In this case, we assume that the structure group of X is DiS{X,dX), 
the subgroup of Diff(X) of those diffeomorphisms that leave dX invariant. Also, the 
structure group of a smooth bundle £ over X is given in this case by T)iS(E, X; dE) of 
those elements of Diff(£', X) that preserve dE = E\qx- 

Recall that an embedding i : X \s neat, following |1L)| . if dX = X n dY and if 
X intersects dY transversally; in this case, the boundaries are also embedded and X 
always has an open tubular neighborhood in Y . 

Let i : X ^ B >iV he a. morphism, where V denotes either or the positive 
half-space in M™, in case X has a boundary. We say that i is a neat embedding of 
manifolds over B if i restricts to neat embeddings ib ■ Xb V on each fiber of X. Note 
that in this case, i is a homeomorphism onto i{X), smooth on each fiber. 

We identify here the open tubular neighbourhood of Xb in V with the normal bundle 
Nb = N. We obtain then a continuous family TV of vector bundles over X with fibre 
A^; moreover, J\f is open in B x V. 

The induced embedding TX B x TV is such that the fiberwise embeddings are 
also neat. The normal bundle of TXb in TV is given by TNb — TT'^{Nb ® Nb), where 
TTx '■ TX ^ X is the projection, so that the vector bundle TM can be identified with 
TT^ (A/" A/") , TTx '■ TX — > X, and therefore it has a complex structure. We have then a 
Thom isomorphism 

p : K^{TX) ^ K^(TN). (4) 
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Composing with the i^T-theory map induced by the open inclusion TJ\f ^ B x TV 

h : K^{TM) -^K^{Bx TV), (5) 

one obtains the push-forward map 

u = hop:K^{TX)^K^{BxTV). (6) 

One can also easily define a push-forward map between ii'^-groups: simply take the 
induced embedding TA" x M ^ S x TF x M to get : K^{TX) K^{B x TV). 

All the constructions above work in the same way for maps i : X ^ y, for some 
manifold 3^ over B, as long as i restricts to neat embeddings on the fibers. Here we 
only need the case y = B xV; we will see later (Corollarv 14. ip that such an embedding 
into a trivial family of manifolds always exists, and in fact it can be chosen so as to 
yield an embedding A4 — > M" of the boundaries over B. 

One of the crucial properties of the push- forward map is its functoriality with respect 
to the index. In their proof of the index theorem for families [Ij, Atiyah and Singer 
show that: 

Theorem 2.1 ( Atiyah-Singer) . Let Ai be a manifold over B, with fibre M compact 
without boundary. Then the following diagram commutes 



K^{TM) K^{B X TW 



ind 



ind 



(7) 



K^{B) 

where ind stands for the analytic index for families, as in 

The map on the right-hand side computes the index of families of operators that 
are the identity outside a compact of M"^ (see also Remark 12.21 below). The families 
index theorem in this setting states that it coincides with the Bott isomorphism. The 
proof of Theorem 12.11 goes much as in the case of the classic index theorem, taking 
extra care with the added sections in the definition of the family index. 

Remark 2.2 (Operators that are multiplication at infinity). Let M be a non-compact 
manifold, E, F vector bundles on M. In [7], we considered the class "^rnuit{M; E, F) of 
pseudodifferential operators on M that are multiplication at infinity. For an operator 
P : C^{M;E) C^{M;F), we have P G ^ „^uit{M ; E , F) if, and only if, there is a 
compact K C M and p : E ^ F such that 

P = Pi+P, (8) 

where Pi : C^{M; E) C°°{M; F) is a pseudodifferential operator on M such ImPi C 
C^(M;F), ImPf C C]^{M;E), that is, Pi has compactly supported Schwartz kernel. 
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This means that if suppu C M \ K, then Pu = pu, P*u = p*u. In particular, cr{P) is 
independent of ^ for x ^ K. 

Let now A4, £, J-" he as before, with non-compact M, over some compact base space 
B, and consider the class ^ muiti-^'^ £ ^) of continuous families of pseudo differential 
operators that are multiplication at infinity, with bounded symbols. Since B is compact, 
given such a family P = (Pb), we can pick a compact K C Mb, independent of b & B, 
in the above definition. We say that P G ^'mtjit(-M; ^, ^) is fully elliptic if, for each 
b E B, u{Pb) is invertible on T*M \ and the inverse is bounded, which means that 
it also independent of ^ for x ^ K. Since (y{Pb) is constant on fibers over M\K, \t is 
invertible outside the (fixed) compact 7r^^(i^) C T*M, with vr : B*M M the ball 
cotangent bundle. 

Hence, if P is a fully elliptic family, then the symbol asiP) is invertible outside 
a compact in TA4 and it defines a K-theoiy class. Moreover, the family index (as in 
Definition [131) ^^^^ defined, since we have in this case ker Pb C C'^{M; E), coker Pb C 
C|'(M;F), and it depends only on a{P). 

The excision property of the index given in ^ holds in this setting and one can 
use it to extend the compatibility of the family index with push-forwards, exactly as in 
[7] (Theorem 3.9), since all the constructions carry over nicely to families. We obtain 
then, using the notation of Theorem 12. H with M not necessarily compact, 

ind oil = ind (9) 

where now we are computing the index of families of operators that are multiplication 
at infinity on Ai. 

3 Cobordant families 

We define here the notion of symbol-cobordism for families of pseudodifferential oper- 
ators, generalizing [7]; one of its main features is that it is preserved by push- forward 
maps. 

Let X be a manifold with boundary and M = dX. If is a manifold over B with 
fibre X, the inclusion AI ^ X induces a submanifold M over B, with fibre M and 
structure group Diff(M). We call A4 the boundary over B of X, and write M = ObX. 
If X ^ X ^ B is given by a smooth fibration, then = dX, the induced boundary 
fibration. 

Note that if A1 = dsX , then the structure group of A4 can be reduced to the closed 
subgroup of diffeomorphisms that can be extended to X. Conversely, given M and X 
such that dX = M, then there exists X with ObX = A4 if, and only if, the structure 
group of M. can be reduced to the subgroup of diffeomophisms that can be extended 
to X. 
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Before proceeding to give our main definition, we show that a continuous family of 
boundaries always has a collar neighborhood over B. 

Proposition 3.1. Let M, X he manifolds over B, with fibres M , X, such that Ai = 
dsX . Then, there is an isomorphism 

$ : M X [0, 1) ^ W C A:", 

where W is a submanifold of X with fibre W C X , open, and structure group Diff (VF, M), 
such that $ restricts to a collar neighborhood of the boundary on each fibre. 

Proof. Let (p : M x [0,1] ^ W C X he a cohar neighborhood of M in X. We 
first note that the structure group Diff(X, M) of X can be reduced to Diff(X, VF): 
for each ip £ Diff(X, M), it is easy to check that there are < a,/3 < 1 such that 
(p{Wa) = Wp, with W^^M X [0,a], Wp^M x [0,/3]; pick V'„,'0/3 G_Diff(X,M) such 
that i)a(W) = Wa, ^fi(W) = We have then V^V^a G Diff(X, W). 

We conclude that there is a submanifold Ys) oi X, with fibre W . To show that there 
is a globally defined map $ : x [0, 1] ^ W C A", we need to check compatibility 
with transition functions. Note that the transition functions for and W are given 
by the restriction of transition functions oi X, so that if G Diff (X, VF) is a transition 
function for X, we want to see that 

O = (/)0 1). (10) 

Noting that ^p~^ o (p o {^p\M: 1) : M x [0, 1] — > is also a collar for M in X, it follows 
from ^lOj (Theorem 8.1.8) that there is (p' diffeotopic to (p, with ip' = ip on M and on 
X\W, such that 

(/>=(v9rV°^M>l) (11) 
on M X [0,a], for some < a < 1. Identifying M x [0, a] with M x [0,1] through 
diffeomorphisms of X, we can assume that (jlip holds on A4 x [0, 1]. 

Since the local smooth structure of X remains invariant under diffeotopies, it follows 
that there is a map $ : Ai x [0, 1] — > W, with W a manifold over B with fibre W and 
structure group Diff(VF,M), such that <I> restricts to (p on each fibre. Moreover, ^ is 
an isomorphism. Restricting <^ to x [0, 1) we get the result. □ 

Let then A4 and X be manifolds over B with A4 = BbX. It is easy to check 
that TX/^, the restriction of the vertical tangent bundle TX to A4, is also a sub- 
bundle of TX, with fiber TX|j\^ (and structure group Diff (rX|7v/, M)). The inclusion 
TXj^ TX induces a map of restriction to the boundary in ii'-theory 

r;,,M ■■ K\TX) ^ K^{TXm)- (12) 

As in [7j, it is not hard to show that push-forward maps behave well with respect to 
restriction to the boundary. 
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Proposition 3.2. Let A4 = dsX. If i : X ^ B x V is an embedding of manifolds 
over B that restricts to an embedding M ^ B x W , where W = dV , then the following 
diagram commutes 

K\TX) — ^ KHB X TV) 

TV,W 

K^{TXm) Ki{B X TVw). 

Proof. Functoriality of the Thorn isomorphism yields that it commutes with re- 
striction maps. To see that the same happens with respect to the iiT-theory maps 
hx : K\TN) K^{B x TV) and hu ■ K^TM j^) K^{B x TVw), as in (P, we 
just check that rv,w ° hx and /im ° 'fx,M can be written as maps in i^T-theory induced 
by the same morphism. □ 

Now, it is well known that there is a smooth isomorphism TX^]^ = TM x M, for 
M = dX. It follows from Proposition 13 . 1 1 that the same holds for tangent bundles over 
B: if <I> : X [0, 1) ^ W is a collar neighborhood over B, W G X with open fiber W, 
then 

TXm = TWm = T{M X [0, 1))mx{0} = TMxW, 

where TM x M is the vector bundle over M given by TM. © (M x M), so that the fiber 
is TM x M and the structure group acts trivially on R. The restriction map becomes 
now 

rxM ■ K\TX) K^{TM x M) = K°{TM x M^). 
Taking the Bott isomorphism /3 : K'^iTM) K^{TM x M^), we consider the map 

uxM ■■= (3-^rx,M ■■ K\TX) ^ K\TM), (13) 

which in [7] was referred to as restriction of symbols. We will see later that elements 
of K^{TX) can be regarded as symbol classes of suspended operators. 

Let now, for i = 1,2, Mi be a manifold without boundary and Mi be a manifold 
over B with fibers Mj. If X is such that ObX = Mi U M2, then the structure group 
of X can be reduced to the subgroup of diffeomorphisms that leave both Mi and M2 
invariant, so that Mi, M2 are submanifolds of X, and it is easy to check that there 
are well-defined maps of restriction of symbols 

ux,M^ ■■ K\TX) ^ K\TMi), (14) 

for i = 1,2, and that ux,m =x,Mi ® '^x,M2- Pi be an elliptic family of pseudod- 
ifferential operators on Mi with symbol cji = o'(Pj) € K^{TMi), i = 0, 1. We give the 
following definition: 



""XM 



COBORDISM INVARIANCE FOR FAMILIES 



12 



Definition 3.3. We say that {A4i,Pi) and {M2,P2) are symbol- cobordant families if 
there is a manifold X over B, with fiber X, and lj G K^{TX), such that 

(i) dsX = M1UM2 (in particular, dX = MiU M2); 

(ii) (Ti = nA',Aii(a;), 0-2 = -ux,M2i^)- 

We write (7Wi,cji) ~ {M2,cr2)- Note that (7Wi,Pi) and {M2,P2) are cobordant if, 
and only if, (Pi © P^j-^i U ^2) is cobordant to zero, where P2 is the adjoint family 
and Pi P2 is a family on A4i U M2 (we have — o"2 = (t(P2 )). As in [7], the definition 
above defines an equivalence relation on pairs (7V4,P) within manifolds with the same 
fiber dimension and the collection of equivalence classes is an abelian group. 

We now check that the notion of cobordant families is preserved by push-forward 
maps. 

Proposition 3.4. Let X, Ai be manifolds over B with dsX = A4 and let i : X ^ B x 

M™"^"^ be an embedding of manifolds over B that induces an embedding i : A4 ^ BxM."^. 
Then the following diagram commutes 

K\TX) K\B X TR"^+^) 

K^(TM) > K^{B X PR™), 

where ux,m Um are maps of restriction of symbols, as in / f73j) . 



Proof. It follows directly from (j3.2p and the fact that push-forward maps commute 
with the Bott isomorphism. □ 

Corollary 3.5. In the conditions of Proposition if ^ K^{TAi) and (A4,o") ~ 
then {B x W,hX(j)) ~ 0. 

Proof. Straightforward from the definition of symbol-cobordism and Proposition 
El □ 



4 Cobordism invariance 



We now show that if a given elliptic family is symbol-cobordant to zero, then its index 
is zero. The main idea is to use Corollary 13.51 to reduce the proof to Euclidean space 
where it will be trivial. 

We start with showing that an embedding such as in Proposition 13.41 indeed exists. 
Let then X hea manifold over B with BbX = A^, X , A4 with fibres X, M, respectively. 
Also, let i : X ^ M.^ be an embedding, which always exists by Whitney's theorem. It 
is easy to show that, for compact B, one can define an embedding 

i : A" ^ P X M™, m>k, (15) 
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which restricts to an embedding on each fiber of X (see [1]). We need however 
an embedding that restricts to an embedding of the boundary A4 over B. In [7], we 
constructed such an embedding using a collar neighborhood of M in X, which is what 
we shall do here. We use the collar neighborhood over B given in Proposition 13.11 to 
define a map 

a: a: ^[0,1], M = a-^{0), (16) 

such that on each fiber, a restricts to a defining function of the boundary = a : 
Xb [0, 1], with Q-i(O) = M and da / on M. 

Proposition 4.1. Let X be a manifold over B with 83 X = A4. There exists a neat 
embedding over B 

h:X^Bx M™+\ 
which induces an embedding A4 ^ B x M"*. 

Proof. Let i : X ^ B y. be an embedding over B, as in (fTSj) and a : — > [0, 1) 
as in p6|) . Define 

h:= (i,a) : X ^ B X M';'+\ 

Then h restricts to neat embeddings = {i,a), where i : X ^ is an embedding 
and a a boundary defining function. □ 
We use the embedding given above, together with Proposition 13.41 to reduce the 
proof of cobordism invariance to i? x M™. It is trivial in this case, as the following 
lemma will show. 

Lemma 4.2. K°{[0, 1) x U) = 0, for any locally compact space U. 

Proof. We have K^{[0, 1) x U) = Ko{Co{[0, 1) x [/)), where C7o([0, 1) x U) is the 
C*-algebra of continuous functions on [0, 1) x U) that vanish outside a compact set. 
Since Co([0, l)xU)^ Co([0, 1), Co{U)), which is just the cone of the C*-algebra Co{U) 
and hence, it is homotopy equivalent to 0, the result follows for K^, and also for K^, 
writing K^{[0, 1) x U) = K°{[0, 1) x ?7 x R) = 0. □ 

In particular, it follows from the lemma above that, for any (locally) compact base 
space B and m € N, we have 

K\B X TR'^+'^) = K^{B X m2'"+i x [0, 1)) = 0. (17) 

We are now ready to prove: 

Theorem 4.3. Let M. be a manifold over B and P € ^{M.]£^J-) be an elliptic family 
of pseudodifferential operators over B with symbol a = crB{P) £ K^{TA4). If {A4,a) 
is symbol- cobordant to zero, then ind(P) = 0. 



COBORDISM INVARIANCE FOR FAMILIES 



14 



Proof. From the definition of symbol-cobordism, we know that there is a manifold 
X over B, with fiber X, such that Ob-^ = -M. and a class uj € K^iTX) such that 

Considering an embedding h : X ^ B x W^^^ , as in Corollary 14.11 we have from 
Corollary 13 . 51 that {B x R™, h\{a)) is also cobordant to zero, so that h\{a) = Ufn(h\{io)) 
(we are using the notations of Proposition [331) • But h\{Lv) € K^{B x rM!^+^) = 0, 
therefore h\{a) = 0. Since the index is invariant under push-forward maps (Theorem 
I2.ip we have finally 

ind(P) = ind(cj) = \nd{h{a)) = 0. 

□ 

Corollary 4.4. Let Pi G ^{Mi;£i,J^i), P2 G ^'(A^2; 2, -^2) be elliptic families of 
pseudodifferential operators over B with symbols ai,a2, respectively. If (A1i,cri) is 
symbol- cobordant to {A42,cr2), then ind(Pi) = ind(P2). 

Proof. It follows from (Pi © P2,7Wi U A^2) being cobordant to zero, so that 
ind(Pi © P2 ) = 0, and the additivity of the family index. □ 

In the spirit of Remark 12.21 we note that the definition of symbol-cobordism and 
the results given thereafter are purely X-theoretical and do not depend in any way on 
the compacity of the fibres M of Al. Hence, Theorem 14.31 holds for non-compact M 
in the setting of pseudodifferential operators that are multiplication at infinity and we 
state it here as a corollary. 

Corollary 4.5. Let A4 be a manifold over B with non- compact fibres and P = (Pf,) be a 
family of fully elliptic operators in ^rnulti^i £ , J') ,with symbol a = gb^P) G K^iTM). 
If (A4, 0-) ~ 0, we have ind(P) = 0. 

In particular, we obtain straightaway the invariance of the index for families that 
are homotopic to multiplication families outside a compact, for instance for families of 
scattering operators; see [8] for details. 

Let X ^ X ^ B he a, manifold over B ,with X a manifold with boundary. We 
now identify classes in K^iTX) with symbols of suspended operators. We work here in 
the setting of the 6-calculus (see [15j for an extended treatment). We assume that X 
is endowed with a continuous family of exact 6-metrics and consider the class ^},{X , Q) 
of families of 6-pseudodifferential operators ^'^(X, G) on the fibers, as in the bound- 
aryless case. The symbol of such a family is defined on the 6-tangent space along the 
fibers ^TX; since there is a (non canonical) bundle isomorphism ^TX = TX, at the 
-R'-theory level we can work with TX. To each operator Qi, G ^f){X,G), b (z B, one 
can associate a translation invariant pseudodifferential operator on dX x M, that is, 
a 1-parameter family of pseudodifferential operators on M = dX, the indicial family 
IhiiQb) £ sus{I^I ^ G m) (where the convolution kernels are assumed to vanish rapidly 
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with all derivatives at infinity). It follows from the definition that there is a compati- 
bility condition with respect to the principal symbol 

a{lM{Q)) = ^b{Q)im- (18) 

In particular, if Q is elliptic then Im{Q) also is and [crihiiQ])] G K°(r(5A') x R). If 
we now take suspended elliptic families of 6-operators on X, that is, a family Q = {Qt) 
on X ^ A:"' = X [0, 1] B' = B x [0, 1], depending smoothly on t, and assume 
that Qq, Qi are invertible, then the symbol crB'{Q) defines a class in K^{TX x (0, 1)) = 
K'^{TX). Moreover, K^{TX) is exhausted by such symbol classes. Note that Im{Q) is 
now defined on the double suspension of M. 

Corollary 4.6. Let M he a manifold over B and P € ^^^) be an elliptic family 

with symbol [crB{P)] G K^{TA4). If M = ObX, for some manifold X over B and there 
is an elliptic family Q € ^bi^ ^ [0,1];Q), invertible at t = 0,1, with indicial family 
Im{Q), such that 

[a(/A/(Q))] = [c7B(P)]U/3 
with (3 the Bott class, then ind(P) = 0. 

Proof. It follows from (fT8|) that [a{lM{Q))] = ^MV^B'iQ)], with r^ the map of 
restriction to the boundary. Hence, = u^l'^B'iQ)]-, with um the symbol re- 

striction map which gives that {M., [cb(P)]) is symbol-cob or dant to zero. □ 

Let now Q G ^b[X,Q) be a family of elliptic self-adjoint operators. As in [3], we 
consider the suspended family 

Qsus ■■= cos{-Kt) +iQsm.{'Kt), fG[0,l]. (19) 

It is an elliptic family over B' = B x [0, 1], invertible at t = 0, 1, and can be regarded as 
an element of ^bi^' , G), with X' = X x [0, 1] fibered over B' . Moreover, Q is homotopic 
to Q' , through elliptic self-adjoint operators, if and only if Qsus is homotopic to Q's^si 
through elliptic operators. Hence one can associate to Q the class 

[oBiQ)]! ■■= Wb'{Qsus)] G K^'iTX X (0, 1)) = K\TX). (20) 

If r^ : K^(TX) — > K^[Tj^X) is the map of restriction to the boundary, we have that 
fM^BiQ)]! coincides with the symbol of the indicial family of Qsus- In this setting, 
the sufficient condition for cobordism invariance given in Corollarv 14.61 becomes 

rMMQ)]i = PMP)]- (21) 
for some self-adjoint, elliptic family of 6-pseudodifferential operators on X. 



COBORDISM INVARIANCE FOR FAMILIES 



16 



The above construction applies to families of Dirac operators (see [151 ll7j. and also 
|16j for the odd case). Take smooth fibered manifolds M,X over B, with compact, 
oriented fibers M = dX, with M even-dimensional. We assume that A4 and X are also 
oriented, in that the structure group reduces to orientation preserving diffeomorphisms. 
Assume also, as before, that X is endowed with smoothly varying 6-metrics. Let £ be 
an Hermitian bundle of Clifford modules over ^T*X, endowed with a smooth unitary 
Clifford connection on the fibres. Let 9 be the associated family of Dirac operators on 
X] then S is an elliptic, self-adjoint family of 6-operators. Since on X = M we have 
bT*X ^ ]R(f^) ®T*M, for some boundary defining function x, there is an induced 
Clifford action of T*Ad on £m- Moreover, at the boundary, £ decomposes as £m = 
£q®£q. If we denote by So the induced family of Dirac operators on M, then Sq is 
self-adjoint, odd and elliptic. 

It was noted by Melrose and Piazza in [T7] that S and S^J" verify (j2ip and, in fact, 
this condition was crucial to show that the topological family index - defined essentially 
through the Thom isomorphism - of 8(| vanishes, so that cobordism invariance for a 
family of Dirac operators on a boundary then follows from the families index theorem. 
(See also [16] for the odd case and the proof). 

Now we consider families of signature operators and check that Theorem 14. 31 applies 
to show that the index of such a family on a boundary vanishes, using a different 
approach. Once we check that the relevant objects are well defined over the base, the 
proof in X-theory goes much as in the case of the single signature operator (Proposition 
2.8 in [7]). 

Let M ^ ^A ^ B he Sk, smooth fibration with fibre an even-dimensional, oriented 
manifold M. The bundle A*{T*M.) of forms along the fibres is a smooth bundle over 
M with fibre diffeomorphic to A(T*M). There is a smooth action of A*{T*M) on 
itself, 

K*{T*M) X A*{T*M) A*{T*M), r?) ^ c{Ov, (22) 

such that for ^ G T*M, c{i)r] = ^ A r/ - ie^{ri). We also have a Z2-grading A*(r*A^) = 
A+(r*A^)eA-(r*>I), where A±(r*>l) := (l±r)A*(r*7W), with F := W2c(ei)...c(e„) 
and ei,...,en an oriented basis for T^M.-, x € M.. In particular, c{£)h.^{T* M.) c 
A=F(T*A^), for all ^ G T*M. 

Let d denote the exterior derivative along the fibres and d* its adjoint. We define 
the signature family on M. as 

D = d + d* : C^{M;A+{T*M)) C^{M; A' {T*M)). (23) 

Clearly, D restricts to signature operators on the fibres. The symbol of D is given by 
the map a{D) : tt*A+{T*M) tt*A-{T*M), with vr : T*M M the projection, such 
that a{D){S^) = c(^). Hence, cr{D) is invertible outside the zero-section, that is, D is 
elliptic. If M is compact, then it defines a X-theory class 



[a{D)] = [Tr*A-^{T*M),TT*A-{T*M),c] E K'^{T*M). (24) 
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Note that in this case ker Dh and coker Df, are vector bundles over B, hence the signature 
index class is given by 

md{D) = [kcrD] - [coker D] G K^{B). (25) 
We check that it is an invariant of cobordism: 

Corollary 4.7. Let D be the signature family on a fibered manifold M ^ A4 ^ B, 
with M an even-dimensional, oriented compact manifold. If there is a compact, oriented 
fibered manifold X ^ X ^ B with dX = M, then ind(D) = 0. 

Proof. The proof follows the lines of the proof of Proposition 2.8 in [7]. We sketch 
the main points. First consider the signature family Di on X x ^ X x ^ B . 
Restricting its symbol to X x {0}, we get a X-theory class 



[{<Di)\Tx^^] G K\TX X R) = K\TX). 



We have that r{uj) = [(cj(Z)2))|xx{o}], where r : K^{TX) K^{TM x M^) ig the 
restriction map and D2 is the signature family on M x M^. Now, if [5 denotes a 
representative for the Bott class in K°(M^), then cr(L>2) = o'(-D) U {tt* (3 © 7r*/3), so that 

r{uo) = {a{D) U /5) {a{D) U /3) = /3T^(a(L>) © a{D)). 

We conclude that {M,a{D)®a{D)) ~ 0. It follows from TheoremOlthat i\id{D®D) = 
0. From the additivity of the family index, we have then ind(-D) = ind(-D*) 4^ [ker D] — 
[coker D] = [ker D*] — [coker D*], so that there exist trivial bundles O'"^ and 0" such that 
ker D © (9" ^ ker D* © 6'"" and coker Dee"^ = coker D* © 9"^. Since ker D* ^ coker D, 
we have n = m and therefore [ker D] = [coker D] . Hence, ind(-D) = 0. 

□ 

A similar result holds for signature families twisted by some smooth bundle W over 
M with a smooth fibre connection, as long as W can be extended to the boundary. 

To finish, we give an alternative K-i\ieoxy formulation of cobordism invariance, 
following Moroianu in [22] . By a metric on M we mean a continuous family of smooth 
metrics on TMf,, b £ B. The unit sphere bundle S*A4 = S{T*A4) is well defined and it 
is a manifold over B. We let T*^sM := T*M x M, as before, and S*ugM = 5(r*„^A^). 
Then, as Moroianu noted, there is an isomorphism 

d : K^{T*M) K^{S;^,M)/tt*K^{M), (26) 

where vr : S*^gM. — > is the projection, such that given vector bundles £^ , £^ 
over T*A4 (not necessarily smooth on fibers) and a map a : £^ — > £~ , which is an 
isomorphism outside the unit ball, we have 

on S*M n{C < 0}, 
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with f"*", £~ identified via a on S^^gM. n = 0} = S*M. Moreover, taking the 
boundary maps for the relative pairs {B*X,S*X) and ^l^gAl), where Ad = 

ObX, and the maps of restriction to the boundary, the following diagram commutes: 



K^{S*X) 

r 

q 

K\St^,M)/7T*K^{M) 



K^{T*X) 



Since /3 ^ or = u, the map of restriction of symbols (jl3p . we have the following analogue 
of Moroianu's X-theory formulation of cobordism invariance for families. 

Theorem 4.8. Let A4, X be manifolds over B with M = ObX, and P be an elliptic 
family of pseudodifferential operators over B with principal symbol a G K^{T*Ai). If 
d{a) e r{K°{S*X)) + tt*K^{M), then ind(P) = 0. 



Proof. U d{a) 
{M,a) ~ 0. 



r(cj) + 7r*K^{M), with u G K'^{S*X), then u{duj) 



a; hence 
□ 
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